Elastic Stress Distribution in Square Plates Weakened by a Large Central Elliptical or Circular Notch by Kanan, Sameh M.
South Dakota State University 
Open PRAIRIE: Open Public Research Access Institutional 
Repository and Information Exchange 
Electronic Theses and Dissertations 
1970 
Elastic Stress Distribution in Square Plates Weakened by a Large 
Central Elliptical or Circular Notch 
Sameh M. Kanan 
Follow this and additional works at: https://openprairie.sdstate.edu/etd 
Recommended Citation 
Kanan, Sameh M., "Elastic Stress Distribution in Square Plates Weakened by a Large Central Elliptical or 
Circular Notch" (1970). Electronic Theses and Dissertations. 5154. 
https://openprairie.sdstate.edu/etd/5154 
This Thesis - Open Access is brought to you for free and open access by Open PRAIRIE: Open Public Research 
Access Institutional Repository and Information Exchange. It has been accepted for inclusion in Electronic Theses 
and Dissertations by an authorized administrator of Open PRAIRIE: Open Public Research Access Institutional 
Repository and Information Exchange. For more information, please contact michael.biondo@sdstate.edu. 
ELASTIC STRESS DISTRIBUTION IN SQUARE PL�TES WEAKENED 
BY A LARGE CENTR.J\L ELLIPTICAL OR C I RCULAR NOTCH 
BY 
·SAMEH M.. KANAN 
A thesis submitted 
in partial fulfillment of the requi rements for the 
degree Master of Science, Maj or in 
Civil Engineering , South Dakota 
Stat.e Univers ity 
1970 
SOUTH DltXPT.A STF�  ur�!IVERSITY" LIBBA.RY 
ELASTIC STRESS DISTRIBUTION IN SQUARE PLATES WEAKENED 
BY A LARGE CENTRAL ELLIPTICAL OR CIRCULAR NOTCH 
Thi s  the s i s  is  approved as a creditab le and 
independent investigation by a candi date for the 
degree, Mas ter of S cience , and is  acceptab le as 
meeting the thesi s  .requirements for this degree·; 
but without imp lying that the conclusions reached 
by the candidate are neces sari ly the con c lus i ons 
o f  the major department .  
Thesis Adviser Date 
Head, Civi l E�-(J-ne�ng Department Date 
ACKNOWLEDGEMENTS 
The author wishes to express his deep gratitude to 
Dr . Zaher S houkry, Associate Professor , Department of 
Civi l Engineering, for hi s great as s i stance and for hi s 
encouragement in developing and analy zing the cour se of 
this· research project. To him the author is truly 
indebted. 
This thesis i s  dedicated to the author's mother and 
father £or thei r deep encouragement and long sacri ficea 
SMK 
TABLE OF CONTENTS 
Ch.apter Page 
1. INTRODUCT ION. . . . . . . . . . . . . . . . . . . . . ...... . . . . . .  1 
A. Gener al. • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • . • • 1 
B. Historical Background • • • • • • • • • • • • • • • • • • . • •  2 
C. Objec t  and Scope of Inve stigation • • • • • • • • • 5 
11. ELASTIC STRESS ANALYS IS  • • • • • • • • • • • • • • • • • • • • • •  7 
A. Choice of Analytical Method • • • • • • • • • • • • • • •  7 
B .  Plate Stress Distribution • • • • • • • • • • • • • • • • • 9 
C. Boundary Value Prob lems • • • • • • • • • • . • • • • • • • •  11 
1. General • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • •  11 
2. General St��s s Function Boundary --:-- . .  
Equations· • • •  -� • • • • • • • • • • . • • • • • • • • •  :·. � ... � • -12 
111. STRESS  FUNCTION VALUES FORMULATION • • • • • • • • • • • 19 
A. S tre s s  Function Values on the 
Boundary • • • • • •  � . • • • • • • • . • • • • • • • • • • • • • • • • • • 19 
B. Stres s  Function Values Outs ide 
the . Boundary • • . • • • • • • • . • • • • • • • • • • • . • • • •
. 
• • • 2 0 
C. Iterative Technique for Dete rmining 
Interior Values of the S tres s  Function • • • • 23 
D .  Determination of Stresses • • • • • • • • • • • • • • • • • 25 
lV. PLATE PROBLEMS INVESTIGATED • • • • • • • • • • • • • • • • • •  27 
A .  Square Plate With Elliptical Cutout • • • • • • •  27 
B. Square Plate With Circular Cutout • • • • • • • • •  38 
L I ST OF FIGURES 
Figure. P age 
1. The Ful l Plate • • • • • • • • • • • • • • • • • •  · • • • • . • • • • • • • •  13 
2. TI1e Quarter P late . . . . . . . . • . . . . • . • • • . . . • . • .. • • . 14 
3. Quarter Plate - Mesh Subdivision . . . . . . . . . . . . .  21 
4. Elliptical C utout Repres entation . . . . . . . . . . . . . 29 
5. Stress- Function Boundary Surf ace 
Elliptical Cutout . . . . . . . . . . . . . . . . . . . . . . . . . . . .  33 
6� Stress Function Contours - El liptical 
Cllte>l.lt. • • • • • • • • • • • • • • . . • • • • • • • • • • • • • • • • • • • • • • 34 
7. ox Contours· - Elliptical Cutout . .  • • • • • • • • • • • • 35 
8. 6 C ontours - Elliptical Cutout . . . . . . . . . .. .  � • •  ,-... · ,36 y 
9 .  6p Contours - Elliptical Cutout . . . . . . .  • • • • • • 37 
J. 
10. The Quarter P late - Mesh Subdivi sion and 
Circular Notch Representation . . . . . . . . . . . . . . . . 41 
11. Stress Function Boundary Surface 
Circular Cuto ut . • • • • . • • • • • • • • • • • • • • • • • • • • • • • • 42 
12. Stress Function Contours - Circul�r 
Cllt()tit ••• • • • • a • • • • • • • • • • • • • • • • • • • • • • • • • • • • • •  o 43 
13. 6 Contours - C i rcular Cutout • • •  �. . . . . . . . . . . .  44 x 
14. 
15. 
6y Contours - C ircular Cutout • • • • • • • • • • • • • • • •  




V. SUMMA"RY AND CONCLUSIQNS • • • • • • • • . • • • • • • • • • • •  47 
A. Gener al Sununary. • • • • • • • • • • • • • • • . • • • • • • • 4 7 
B. Conclusions • • • • • • • • . • • . • • . • . • • . • • • • • • . •  48 
C. Future Areas of Study . • • . • • • • • . . • • • • • . •  51 
BIBLIOGRA.PHY • • • • • • • . • • • • • • • • • • • •  • • • • • • • • • • • 5 3 
APPENDIX A: COMPUTER PROGRAMS • • • • • • • • • • • • •  55 
APPENDIX B: ELASTIC STRESSES COMPUTER 
OUTPUT • • • • • • • • • • • • • • • • • • • • • • • •  6 7  
APPENDIX C: NOTATION • • • • • • • • • • . • • • • • • • • • • • 82 
CHAPTER I 
INTRODUCTION 
A. General ' 
The extens ive use of s teel and high-s trength alloys 
led to types of s tructures embodying s lende r compres s ion 
members. thin plates, and thin shel ls . Thi s  fact has 
m ade elastic ins tabi li ty a problem of great impo rtance . 
Urgent practical requirements have given ri s e  in recent 
years to extens ive investigation , both theore tical and 
experimental. of the elas tic s tres s distribution in s uch 
structural elements as bars, plates, and shel l s . This 
.. 
is of particular importance· · bec-aus e the analys is--o f  .. elas-
tic stress dis tribution ·is the firs t s tep in the investi-
gation of the cri tical loads . The stress  analys i s  be comes 
very comp licated with the introduction of a notch in a 
compression slender memberG O ften notches are introduced 
·into the des ign o f  a s tructural member to a l low the pas-
sage of elec trica l  wire bundles ,  hydrauli c  and ai r con-
duits, or other s tructural members . A notch may a ls o  
serve as a n  inspection acce s s  opening . 
The mathematical so lution for determining the elas ti c  
stx-ess distribution in a plate requi res that eql.'.li l ibrium 
and boundary conditions be s atis fied . This -can be accom� 
p lished by integration o f  the equi librium partia l  
2 
di fferential equations of  the flat plate. As tne nature 
of a notched plate problem prohibits an easy s olution in 
a c los ed form, a numeri cal technique is hereby attempted .  
The finite d i f ference method i s  one o f  the widely accepted 
methods for s uch analys is and is the method chosen for 
this inves tigation . 
B .  His tori cal Background 
"Even a brief  reading of any text on p lates and 
shel ls reveals that some half or more of the work 
is devoted to finding approximations and s ubs ti­
tutions whi ch wi l l  lead to analytical s olutions 
for a particular problem .  Until the re cent pas t , 
such solutions were necess ary i f  the theory was 
to be used at all . Even now these solutions 
are welcome where brie f  or s imple solutions� . .  
emerge . Such cases ·a.re, however, re lati ve"l:y ·- ·· · 
rare and the widespread use of  e lectronic  
digital computers to  provide a direct numerical 
answer has, i n  part, s uperseded the need for 
involved solutions in terms of advanced mathe­
matical functions . "! 
The above s tatement exp lains the reasons why the 
problem of notched plates has been avoided unti l  the 
recent pas t. Nowadays, with the avai labi li ty of e lec-
tronic computers and with the application o f  numeri cal 
techniques, inves t igators are attempting to s olve cornpli-
cated problems that they avoided in the pas t . 
1c. E .  Turner, Introduction to P late and She l l  
Theory_ (Amer ican Elsevier Publishing Company, Inc . , New 
York, 1965) , p .  x .  
2 
Shoukry e�ployed the method of finite differences 
to investigate the stress distribution in and the buck-
li�g characteristics of the webs of castellated steel 
beams.. The results obtained indicated that the elastic 
3 
stress di.stribution was accurate for the relatively fine 
mesh. used (18 X 10). 
Hoffman3 investigated with a similar procedure the 
stress distribution in a plate with a side notch. His 
results showed that the finite difference method employed 




investigated the elastic stress dis��ibution 
i.n a rectangularly notched plate axially loaded by uniform 
compression. His results confirmed that the finite dif-
ference method had given relatively accurate results, 
considering the complexities of the problem treated. 
2z. Shoukry, "Elastic Flexural Stress Distribution 
i.n Webs of Castellated Steel Beams, " Welding Journal, 
Ameri.can Welding Society, Vol. 64 (May 1965), p. 231-s. 
3P . Hoffman, "Elastic S tress Distribution in Rec­
tangularly Notched Members, " (unpublished Master of 
Science· Thesis, South Dakota State University, Brookings, 
South. Dakota, 1965). 
4M. Kanan, "Elastic Stress D�stribution in and 
Stability of Rectangularly Notched Plates Axial·ly Loaded 
by Uni.form Compression, 11 (unpublished Master of S cience 
Thesis, South Dakota State University, Brookings, S outh 
Dakota, 1967). 
Other investigators employed the method of finite 
differences successfully when investigating stress 
5 6 7 distribution in deep beams. ' ' They concluded that 
the results ;are excellent as long as a relatively fine 
4 
mesh is emp 1oyed. Also, these results indicated that the 
agreement between the finite difference method and a 
more accurate function solution in a closed form was good, 
even for a relatively coarse mesh. 
White and Cottingham8 investigated the criti c al 
buckling loads in and the stability of soli d plates 
partially loaded at the ends. They concluded that the 
use of the finite difference method for determining 
elastic buckling loads is satisfactorily accurate. They 
also found that i n creased accuracy can be obtained by 
using a relatively fine mesh subdivision. 
SL. Chow, H .  D. Conway and G .  Winter, "Stress in Deep 
Beams, " Transactions, American Society of Civil Engineers, 
Vol. 118 (1963), p. 686. 
6F. Geer,, "Stresses in Deep Beams," Journal of the 
American Concrete Institute, Vol. 56 (1960), p. 151. �-
7H. D .  Conway, L. Chow, and G .. W. Mo rgan, " Analysis 
of Deep Beams, " Journal of Applied Mechanics, Vol. 18 
(l951}, p. 686. 
8
R. N. White and W. S. Cottingham, " Stability of 
Plates Under Parti al Edge Loading, " Pro ceedings, American 
Society of Civil Engi neers, Engineering Mechanics Division, 
No. '3297, Vol. 88 (October, 1962). 
5 
c. Object and Scope o f  Inves tigation 
The main objective for this J.nvestigation i s  to 
examine the appl;i.cabi lity of the finite di f ference method 
in obtaining the e las tic s tres s  di stribution in a square 
plate weakened by a l arge e l liptical or circular notch . 
A square mesh is  used with maximum subdivisions as  a l­
lowed by the s torage  capacity o f  the computer available 
at South Dakota State Univers ity .  The nodal points o f  the 
mes� are p laced in s uch a way as to give an approximate 
outline of the circular or e l liptical shape . 
The p lates under s tudy are simply s upported a long 
two edges and free along the other two, and sub jected.· to 
uni form compress ion .  Two types o f  notches are int roduced 
at the center of the p late; one is circul ar and the other 
i .s e lliptical in  shape. Wi th the aid of the electronic 
computer and the uti lization o f  the finite dif fere nce 
technique principal s t re s s  contours in each plate are 
obtained . Thes e s tres s  contours for both the circular 
and the elliptical notches are compared . S uch comparison 
wil l  assi.st the structural designer in obtaining.the more 
effi.ci.ent type of notch . 
6 
The stress distribution analys i s  cons i s ts o f  compu­
ting the fol lowing: 
(1) normal s tres ses acting in the x and y 
directions 
(2)  shearing s tres s  acting on the xy-plane 
(3) major and minor principal stresses and 
their orientations with respect to the 
x-axis. 
These quantities are computed at each nodal point through­
out the section o f  p late . 
The finite di fference computations are carried out 
with the aid of an electr.orii c  computer . The computer 
output for the stress distribution was printed out us ing 
a s pecial board so that the results are shown on the 
actual plan shape of the plate section under cons i deration . 
This permit ted s tres s  contours to be drawn wi thin the 
outline of the sectiona 
The solutions presented in this  work provide a 
valuable s ource o f  in formation for future investi gati ons . 
This an�lysis is o f  particular importance in the determi­
nation o f  buckling· loads for p lates identica l  to those 
investigated in thi s study . 
CHAPTER I I  
ELASTIC STRESS ANALYSIS 
A. Choice of Analytical Method 
In the elastic stress distribution analysis of a thin 
plate, where the dimensions of the plate are given in 
Cartesian coordinates, the ideal method of solution is to 
obtain an exact evaluation for the function � which 
satisfies the biharmonic equation
9 
Where 
a 4� a4� a 4� 
�- +2 2 + =-tr = 0 ax4 ax2ay ay 
� = Airy's stress function 
(1) 
Equation (1) must be satisfied for any point within the 
domain of the plate. Once· this is achieved, the stresses 
in the plate can be computed from the stress function � 
d. t th . l
O 
accor ing o e expressions 
ox (2) 
9s. Timoshenko and J. N. Goodier, Theory of Elasticity, 
(McGraw-Hill Book Company, Incorporated, New York, New 











6 = s tress in the X-direction , x 
6y = s tress in the Y-direction , 




Since the nature o f  the prob lem and the introduction 
of the notch in the p late prohibit an easy solution for 
equation (1) ,  an approximate method of analys is is em-
p loyed . The method chosen is the fini te di f ference 
method. 
The finite dif ference technique11 
"essentially replaces the differential 
governing equations and the boundary 
conditions by finite differences approxi­
mations in terms of a finite number o f  
unknown values o f  the dependent variab les 
at a number of discrete points within or  
just outside the domain o f  integration. 
The .fin ite di fferences equations form a 
set o f  linear algebrai c equations to solve 
for the set of unknowns . The task of 
accomplishing such numeri cal so lution of 
large numbers of simultaneous equations can 
be ach ieved by the aid of electronic  computer. " 
110. c. Zienkiewi cs and G. s. Holister , S tress 
Analysis, (John Wi ley and Sons , Ltd . , London, 19.65) , p .  7.  




difference method essentially approximates 
partLal differential equations by finite difference 
equations in the form of an "operator molecule11•12 
Assuming a square network, the operator molecule for the 








in which "h" is the mesh spacing. 
( 5) 
In the process of determining the stress function � 
by this method, the domain of the plate is replaced by a 
12P. C. Wang, Numerical and Matrix Methods in 
Structural Mechanics (John Wiley and Sons, Incorporated, 
New York, New York, 1966), pp. 50- 52. 
13s. H. Crandall, Engineering Analysis (McGraw-Hill 
Book Company, Incorporated, New York, New York, 1 9 56) , 
pp. 243-247. 
10 
mesh of individual nodal points of square spa�ing "h " .  
The stress fnnction values are then calculated for each 
discrete nodal point. 
Once the values of the s tress function at each point 
of  the mesh system are found , the s tresses corresponding 
to these values· are then determined . The express i ons 
for the stress components and their finite di fference 





6. - ci fZf -- + , r �J 'j- axz - h4 L\0 G \0 -
-- + 
( 6 ) 
(7) 
(8) 
14s. Timoshenko and s. Woinowsky-Krieg7r ,  Theory of 
Plates and Shells, Second Edition (McGraw-Hill Book
 
company-;-lncorporated, New York , New York , 1 9 5 9) ,  P· 360. 
1 1  
The above molecules are employed by firs t placing 
each molecule�s central value over each nodal point and 
then sununing algebrai cally the terms resulting from the 
multiplication o f  each molecule's component by its 
corresponding s tres s function value . Thi s  s ummation 
. gives the s tres s at each nodal point . 
c. Boundary Value Prob lems 
1. General 
The values of the s tress  function at the boundary 
o f  a s tructural s ection depend upon the loading conditions 
applied at that boundary . S uch values , which can be 
detennined mathematically , .are the controlling valu�_s for 
the s tress function throughout the domain o f  the p late. 
Since the biharmonic molecule mus t be s atis fied when 
applied to each interior nodal point within the domain , 
initia l  stres s function values are assigned for each 
noda1 point . These values are then modified by an ·i tera­
tive technique to s ati s fy the biharmonic mo lecule. When 
the molecule i s  app lied to interior points adjacent to 
the boundary , values of the s tress  function immediately 
outside the boundary are required . For this  reas on the 
stress function values for points outside the boundary are 
extrapolated from the s tres s  function values on the 
boundary ·. 
2 .  General S tres s  Function Boundary Equations 
12 
C onsider a thin , homogeneous , isotropi c square 
p late simply s upported along two opposite edges , and f ree 
a long the other two edges . The plate is s ubjected to a 
uni.formly di.stributed uniaxial load , and is weakened by 
an e l l iptical cut-out, as shown in Figure 1 .  
The dimensions of the plate are as fo llows: 
2L = length o f  the plate 
t = uniform thicknes s of the p late 
2a = major diameter o f  the elliptical notch 
2b = minor diameter of  the el lipti cal notch 
and 
5n = axial compressive stres s along side OA 
takeri·as 20 units for converfience. , 
Due to symmetry about the horizonta l  and vertical 
center- lines, only one quarter of th e pl ate i s  considered 
for obtaining a solution for the boundary values o f  the 
s tres s function . The quarter plate is shown in Fi�ure 2 .  
This consideration allows the s ame number of nodal points 
dictated by the s torage cap acity of the computer to be 
dis tributed over a small area , and thus increasing the 
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F i gure 1. The Ful l Plate 












The top left quarter of the plate i s  qonsidered , and 
. 
the coordinate axes are se lected as shown in Figure 2 .  
In order to determine the values of the stress function 
at each nodal point , it is necessary to evaluate first 
the stress f unction values on the boundaries 0-A, A-B, 
B-C, C-D, and D-0 . These values of � on the boundaries 
are controlled by the loading conditions of the p late . 
S tarting from the origin along 0-A , there acts a 







I ntegrating twice with respect to x ,  
6 2 � = nx + c x + c 
2 1 2 




At point O, substituting the value for x to be zero 





'fl = c2 
The terms c 1 and c2 
can be taken arbitrari ly as zero 
values s ince point 0 is only a reference point for d� 
and JI. 
Therefo re, along the boundary 0-A, 
and 





Equation (9- a) shows that the s lope of the s tress 
function varies linearly with the dis tance from the 
reference point O, along the X-axis . Equati on (10-a) 
shows that the s tress function is a second degree par abola 
along 0-A. 
The s tress function value at point A is determined 
by substituting x = Lin equations (9 -a) and (10-a) , 
giving the fo1lowing results: 
a� 
= 6nL ax 
and 
(9 -b) 
jJ = 6 L
2 n (10-b) 
2 
and 
Side A--B is a free boundary , and therefore: 
= a2.0' = o 
ay2 





But at point A, there are only normal s tres ses along 
the side 0-A in the Y-direction . Hence , 
and 
a� = o 
ay 
c = 0 
3 
and the s tr e s s  function value_ at point A "reduces to the 
expres sion , 
1 = c 4 
But, from equation ( 1 0-b) , the value o f  the s t re s s  
2 functi.on , �, at point A is given as o0L , therefore: 
2 
18 
and along the boundary A-B , 
- = a constant , c4 , 
2 
This indicates that the stress function along side A-B 
is constant and i ts value is equal to the value o f  the 
s tress funct ion at A as calculated along side 0-A. 
A long boundary B-C there acts a variable stress of 
unknown value . However , the stress function value at 
point B when obtaine d  from boundary B-C has to be the 
same as the value obtained from boundary A-B . The s tress 
function value at any othe r point on boundary B-C is ob-
t ained through the i te ration process . 
' Along boundary C-D there are no stresses app lied . 
Therefore , the value o f  the stress function at any point 
on this boundary mus t be the s ame as the value of the 
s tress funct ion at point c. This value at C is obtained 
£ram the i te ration process , and the computer program is 
ins tructed to allocate this value to all points along 
the boundary c-n." 
The. stress acting along boundary D-0 is unknown . 
Therefore , no attempt i s  made to evaluate the stress 
£unction along this boundary at this s tage . However , the 
s tress function along D-0 is determi ned through the 
i teration p rocess. 
. .  
.... 
CHAPTER III 
STRESS  FUNCTION VALUES FORMULATION 
A. S tress Function Values 2.!!. the Boundary 
In order to determine the values of the s tress 
func tion at e ach nodal point along the boundaries , it is 
necessary to obtain the s tress function equations for 
each boundary . These equations are derived in Chapte r  II . 
In the determination of the s tress function equations , 
i t  was shown that the stress functi on depends upon the 
type of loading acting on the boundaries and . on the 
support conditions of  the boundaries . For the p l ates 
under inves tigation, the loa,�ing is uni formly dis�ribut�d 
and acts along two oppos i te simply supported edges , whi le 
the other two e dges are free . The va lue of the loading , 
On, ·acting on the plates is taken as 20 uni ts for con-
venience . The length for each side of the square p late 
is taken as 40h , where "h" is the nodal spacing . Thus , 
when considering the quarte r plate , the length , L ,  of 
each quarter p late is equal to 20h . The value of the 
nodal spacing , h ,  is taken as uni ty to simp l i fy mathema­
tical calculations . 
For determining the actual mathematical value o f  
the stress function at each nodal point along the bounda­








the s tress functi on equations previous ly derived . The 
20 
derivation of'these equations i s  shown in ful l in Chapter 
II. 
B .  S tress Function Values Outside the Boundary 
When the s tress function operator mo lecule is 
applied to points immedi ately ins ide the boundary , the 
s tress function values for the corresponding points 
outside the boundary are needed . This need arises from 
the fact that the operator mo lecu le extends to two points 
on either s ide of the point to which the molecule is 
applied . The values of the s tress  function for points 
-� .. 
on the boundary are already· determined . Therefore·�· it -
.is neces sary to obtain the s tres s function va lues for 
points irr�ediately outside the boundary . Thi s is accom-
plished eithe r  by extrapolation or by synunetry condi tions . 
Ref erring to Figure 3 , the values of the s tress 
function immediately beyond the boundary 0-A are con-
sidered to be identical to those on the boundary 0-A 
i tself .  
, 
This as sumption is valid s ince the member can 
be cons idered as a continuous plate . The value of � at 
point A'  beyond point A along the boundary 0-A is deter-
mined by extrapolation of  the second degree parabol a  for 


























-To obtain the vaiue of� at point B' b eyond point B 
on the boundary C-B, it is  as sumed that the rate of  change 
of the s tres s function between B and the point imm.edi-
ately precedi�g it on C-B i s  the s ame as between B and 
the point B' immediately beyond it . This ass umption does 
not introduce an abrupt change in the stres s function 
outs ide of the boundary and therefore is considered valid .  
Values of� for the points between A'-B' are com-
puted on the assumption that the values of the s tre s s  
£unction vary linearly between the points A' and B' . 
This as s umption is valid s ince the variation between the 
values at the exterior points A' and B' i s  very small 
and the rate o f  change o f  warping along boundary o.:::=A . ·  
does not vary cons iderably . 
1L 
B?undary B-C is a line o f  symmetry . Th ere fore, 
values of � for points along two lines outs ide the 
boundary B-C are identical to the values of� for the, 
corr-esponding points along two lines ins ide thi s  boundary . 
To obtain the value of � at point C' beyond point C 
·On boundary B-C , i t  is as sumed that the rate o f  change of 
the stress function between C and the point immediately 
preceding i t  on B-C is the same as between C and C' . 
This assumption i s  the same as saying that the value o f  
. .  , 
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the stre s s  ac ting at point C i s  the same as the s tre s s  
acting a t  the point immediately preceding C. Thi s  as -
sumption wou�d not introduce a significant error i f  the 
mesh spacing i s  small� Also , thi s as sumption doe s  not 
introduce any abrupt change in the s tres s function out-
s ide the boundary B-C and there fore is considered valid .  
C-D i s  a free boundary . Therefore , values o f  the 
s tress fun ctio� outside the boundary C-D are as s umed to 
be identica1 to the value of� at point C'. 
Boundary D-0 i s  a line o f  syrrunetry . There fore , 
values of � for points along two lines outs ide the 
boundary D-0 are i dentical ·to the values of � for ·the 
corresponding points along two lines ins ide thi s  b oundary . 
' 
c. Iterative Technique for Determining Interior Values 
of  the Stres s  Function 
After the equations for the boundary'' s tre s s  f unction 
values are obtained, the s urface of the plate is replaced 
by a lattice o f  square spacing . The stre s s  f unction 
values are then calculated for each discrete point on 
and immediately outs ide the boundaries whos e  s tres s  
function equations.have been determined . Initial s tress 
function va1ues are as s igned for each noda l point wi thin 
the domain of the plate . At thi s  stage , each di s c rete 
point has e ither a calculated s tress function va lue or 
24 
an as signed value . Thi s  in form ation i s  used as computer 
input. 
An itera�ive tech nique i s  employed to s ati s fy the 
biharmoni c  operator mo lecule wheneve r thi s  is app l ie d  to 
each i nterior nodal point and to points along the center-
line s. By th i s  technique the mo lecule is app l i ed to 
every point on the p late, and the exi s ting s tre s s  f un ct ion 
value is replac�d each time by a modi f ied computed val ue. 
Thi s proce s s  "forces "  the s tre s s  function value s on the 
i terated points to converge to sui tab le va lue s  di c t ated 
by the s tres s  function va lues on and immedi ate ly outs i de 
the contro l ling f ixed bo�nda_�i e s . As the conve rgence. o f, 
the system continues, the bih armonic molecule be come s 
more n� arly s a ti s fied at e ach nodal point wi thin the 
domain, and the r e s i dual for each nodal point i terate d  
approach_e.s z ero. 
The entire p roces s  i s  progr ammed in Fortran IV 
language for calculation on the IBM 3 6 0  e lec troni c 
computer. The proqram i s  so cons tructed that two values 
are p rinted after each i terati on . The first number i s  
the larges t  di f ference between any two value s obtai ned 
at any point in two s ucces s ive i terations . The s e cond 
nlli�ber is the l arges t  pe rcentage of change between two 
succes s ive i te rations� These two numbers supp ly a vi s ua l  
running check on the convergence of the sys tem • .  The 
computer program for computin9 the s tress  function 
value s  for the c i rcular notch is shown in Appendix A .  
o. Determination o f  S tres ses 
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Once the final values of �he s tres s function � are 
determined for all nodal points , the stre s s e s  6x' 6y
' 
and 'lxy are determined by their finite di f fe rence oper­
ator molecule s according to equations ( 6), (7) , and (8) 
respectively . Determination o f  these stre s s e s  i s  ob-
tained by uti lizing the iterated s tres s  function value s .  
The computer program for determining these s tres s e s  for 
the circular notch is  shown�in Appendix A. 
After the s tresses �X' 6y , andL""xy are computed ,  





The governing equations are:15 
= 6x + 6:i + � (Ox 
2 
= O"x + 6y 




: 6y r 
2 . 
'Lxy 
+ r-2 xy 
(13) 
{14 ) 
lSSeibert Fairman and Ches ter S .  Cutshall, Mechanic
s 





61 = the 
62 = the 
tan 2 e = 
-2rxy 
6 -6 x y 
major princ ipal 
minor princ ipal 
s tres s 
s tres s 
e = the angular o ri entation of the princ ipa l  
stre s s es with respec t to the x-ax i s. 











PLATE PROBLEMS INVEST IGATED 
A. Square P 1 ate w i th E l liptical Cutout 
To app ly the theory p revious ly pre sented a square 
p l ate wi th a centrally located e l liptical notch i s  i n­
ves t ig ated . The p l ate i s  a s s umed to be perfect ly el as tic, 
h�mogeneous , and o f  uni form thi cknes s. A l so , i t  i s  
as sumed th at the p late i s  perfectly f lat be fore loading 
is appl ied , and that the loading i s  app lied in the p lane 
of the midd l e  s urf ace o f  the plate . The square p late i s  
uniformly c ompre s s ed along two oppos i te edge s , whi l e  the 
o ther two edges a re free . The length of each s ide of 
the p late is as s umed to be 40 uni ts and is  s ubdivided 
i nto ·40 nodal spaci ngs. The va lue of the nodal s pa c ing 
"h" i s  t aken as uni ty to s impl i fy mathematic a l  cal c u l a-
tions. The e l liptical cuto ut at the center 6 f  the p late 
has a m ajor d iameter equal to one-half the w idth o f  the 
pl ate and a minor di amete r  equal to three- tenth s the 
width o f  the p late . Thus the s i ze of the p late i s  equal 
to 40h X 40h, while the s i z e  of the cutout is  equa l to 
20h X 12h . Thi s  e lliptical cutout is so oriented that 
i ts major axi s is paralle l  to the s ide s of the p l�te 
under loadi n g . The value of the uniform compre s s i o n  






and ease o f  math ematical calculations. Howeve r, - the fin a l  
results for ttie s tres se s  in the p late are norma li zed to 
give relative res ults at di f ferent poin ts . 
As  exp lained previous ly , only one quarter o f  the 
p late i s  cons idered for ob taining a so lution for the 
boundary v alues of the s tres s function. S uch a c on s ider-
ation a l lows the s ame n umber of nodal points di ctated by 
·the s torage c ap ac i ty of the computer to be di s trib uted 
ove r  a smal l are a , thereby incre as i ng the accuracy o f  
the s olution .  However , the s tress fun ction equation s 
derive d  by the finite di f ference techn ique shown in » 
Chapter I I  app ly only to boundari es w i th s trai ght::edg�s .  
Therefore i t  b ecomes e s s enti al to represent the e l l ip ti -
... 
cal s·hape of the notch wi th a s eries o f  s traigh t  lines 
to approximate the con f i-gura·tion o f  the e l lipti cal shape . 
Thi s  approximation, as shown in Figure 4, £a l lows as  
closely as pos si ble the con f igurati on o f  the notch . I t  
i s  assumed that the mesh s pacing i s  sma l l  enough not to 














Figure 4 .  El lip tic al Cutout Repres entati on 
ii 
The s tres s  function equation along boundary 0-A i s  
g iven by the �xpre s s ion : 
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( 10-a ) 
Substituting the values for 6 and X for each nodal 
n 
po int along 0-A, � va lue s are : 












x 10 11 12 13 14 15 16 17 18 19 
� 1000 1210 1440 1690 19 60 2250 2560 2890 3240 3610 
x 20 21 
� 4000 4410 
The s.tres s  function v alues for points immedi ate ly out s i de 
' 
bound�ry 0-A are i denti c a l  to the s tress function values 
a long boundary 0-A i ts e l f . 
The stre s s f unction equation along boundary A-B i s  
given by the expression: 
18 = cons tant = (11-a) 
Substituting the v alues o f  6n and L ,  there fore: 
g = cons tant = 4000 
Each nodal point a long boundary A-B i s  as s i gned thi s  







'The s tre s s  function values along boundaries  B-C and 
D-0 are determined by utilizing the iteration proce s s  and 
the symmetry conditions along these boundaries .  Boundary 
C-D is a free edge . There fore , the stres s function values 
along this boundary are o f  cons tant magni tude . Thi s  value , 
as ·  obtained at point C along boundary B-C , i s  as signed to 
every nodal point along boundary C-D. 
Referring to Figure 3, the stres s function va lue at 
point A' is  obta�ned by extrapolation of the second de­
gree parabola for the s tre s s  function along boundary 0-A . 
S tress function value s  for points immediately outside 
boundary· A-B are obtained after  each cycle of i te ra tion , 
•· 
by assuming a linear dis tribution of� between A' and a•: 
tigure 5 shows boundary s tres s function surface for the 
ellipti.cally notched square plate . 
Initial s tre s s  function values are arbitrarily 
as signed to every nodal point wi thin the domain . Through-
out the i teration process, the arbitrarily as s igned 
s tres s  function values are replaced each time by a modi-
" 
fied computed value. As the convergence of  the system 
continues , the biharmoni c  operator molecule becomes more 
nearly satisfied at each nodal point and the resi dual for 
each point iterated approaches zero . The computer pro-
gram for computing the. s tre s s  func�ion value is shown in 
Appendix A ,  and the computed values thems elves are ·shown I! I� , 
: : I � I 
in Appendix B {Figure 16) . Fi gure 6 shows the s tre s s  
function contours obtained f or thi s  plate . 
Knowing the stre s s  function va lues at the di f fe rent 
nodal points wi thin and immedi ate ly beyond the domai n, 
·elast i c  s tre s ses are determined for each noda l point 
according to equation s  6, 7 ,  8 ,  13 , 14 ,  and 15 . The 
computer p rograms to obtain su ch s tres ses are given in 
Appendix A .  Figures 7 ,  8, and 9 show the contours ob­
tained for 6x ' · 6y ' and 6 respective ly , whi le the 
P1 
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actu al computed values for thes e  quantiti es at e ach noda l  
poin t  are sh.own i n  Appendix B (Figure s  17 ,  18 , and 20 ) . 
Appendix B also shows the computer res ults f or lxy ' o p , 2 
and 0 (Figures 19 , 21 , and 2 2 )  • 
" '  
· '  
I I • • 
� '1 � j • .  
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: · '  


























Figure 5 .  Stress Function Boundary Surface - E lliptica l  Cutout 
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B ..  .Square P late with C i rcular Cutout 
As a s-ec9nd examp le , the prob lem of a square p late 
with a circular cutout is also presented . Al though a 
circul ar shape is  a special case of an e l lips e ,  i t  is 
felt that such a prob lem occurs frequently enough to 
merit a so lution � The plate under consideration i s  of 
identi cal shape , properties , and loading conditi on s  as 
the elliptically notched p late . To achieve a l arge 
38 
circular cutout in the 40h X 40h plate , a circular notch . 
with a diameter of 20h is  cons idered . This configuration 
a llows a comparison between the effects of an elliptical 
and a circu lar cutout in a square plate . Figure 10 
shows- the quarter p l ate - wl.th the circular notch :'"" I t  is 
-seen that the circular boundary is approximated by a 
s eries of s traight lines between the nodal points � I t  is 
assumed that s uch an approximation wi l l  not introduce any 
subs tanti al error , e i ther in the stres s  function bqundary 
values or in the resulting e lastic s tres ses . This as -
sumption i s  valid as long as the nodal spacing i s  sma l l  • 
.. 
U ti li zing the s ame p late and loading conditions as 
for the el liptically notched p late yields s tre s s  function 
values_ along boundaries 0-A and A-B identical to those 
obtained for the el liptical cutout . S tres s  f unction 
values along boundarie s  B-C , C-D , and D-0 as we ll  as for 
points immediately outs ide the boundaries are determined 
I ; 
I I I 
' !  i 
I I 
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through s imi l ar procedures emp loyed for the e l lipti c a l ly 
notched p late . ' Also , the s tres s function value s wi thin 
the domain are obtained th rough an i terative te chnique 
identi cal to the one uti li z ed for the e l liptica l ly notched 
plate . Accura cy of the fi nal results depends upon the 
degree of iterati on . The re fore , the i terat ive proce s s  for 
de te rmining the s tre s s  func tion va lue s for each p l ate was 
made to consume approximate ly equa l computer time . Thi s  
uti lization o� equa l  computer time provided a v a lid com-
paris on of the res ul ts obtained for each plate . Fi gure 1 1  
shows the s tre s s function boundary s urface , whi l e  F i gure 1 2  
shows the contour lines for the s tre s s  function vai ue s  for 
the square p late wi th the c i rcul ar cutout . The a ctua l  
computed values are shown . i n  Appendi x B ( F igure 2 3 ) . 
After the s tre s s  function va lue s at each o f  the 
nodal points wi thi n and immedi ate ly beyond �pe domai n  are 
determined , e la s ti c s tres se s  are calcul ated for the di f-
£erent points � The equation s used are the s ame as  the 
equations uti l i zed for s tre s s  de te rmination in the e l lip-
" 
tically notched plate . Figures 1 3 ,  1 4 , and 1 5  show the 
contours obtained for 6 , 6 , and 6 respective ly , whi le 
x y p
l 
the actual computed values for the se quanti ti e s  a t  e ach 
nodal point are shown in Appendix B ( F igure s 2 4 , 2 s ·, and 
2 7 ) . Computed values for �
y
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circularly notched plate are shown in Appendix B (Figures 
2 6 , 2 8 , and 2 9 J • 
I 
I 




; ; : 
i' : 
i' i 
I· ! ! 
I 
i' I ! . 
+ + + � T + + + + � + � + � + � + � � 
+ + + + + + + + + r � + � � + + + + � 
r + + + + + + + + r + + + + + + + + + 
� � T + + + � + r � � + + � � � + � � 
+ + + + � ..... + + + � + + + + +. +. +· .+- + 
+ + + + + + + + � � + + + � + + + + � 
+ + + + + + + + � + + + + + + + + � � 
� • + � + + + + + 
t- + + + + + -t -t  
+ + T + + + � + i 
Figure 1 0 . The Quarter P l ate 
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Mesh Subdivi s i on and Circul ar Notch Representation 
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F igure 11 . S tre s s  F unction Boundary Surf ace - C i rcular C utout 
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Figure 1 4 . 6 C ontours - Circular Cutout 
y 
4 5  
1 . 7 5 
1 . 2 5 
0 . 5 0 
0 . 2 5 
- 0 . 2 5 
- 0 . 5 0  
- 1 . 0 0 
- 2 . 0 0 
1 .. 1 
1 5 
1 . 8  
2 . 3 
2 . 45 
F igure 15. 6 Contours - Ci rcul ar C utout p
l 
4 6  
1 . 5  
0 . 5  








: I ! (  � I i � . ; ' I 
i I 
! I 
I t  
i i 
I i · 
J I ii i '• I I 
r , , 11 
CHAPTER V 
SUMMARY AND CONCLUS IONS 
A. General Summary 
The main obj ective of thi s work was to inves ti gate the 
elas ti c  s t re s s dis tribution in square plates we akened by 
a large central ly located e l liptical or ci rcul ar notch . 
The two s tructura l  members inves tigated were i denti cal to 
e ach other except that the shapes an d s i zes of the notches 
di ffere d .  E la s ti c s tres s e s  were ob tained for the common 
loading condition of uni axi al compre s s ion .  The ana lys i s  
employed the s tre s s functi o� , the finite di ffe renc e  method , 
and e le ctronic computation . 
The s t re s s  di s tribution analys i s  was b as e d  upon an 
as s umed s t re s s di s tribution a long the boundari e s  o f  the 
full p l ate . The p late was then reduced to a s e t  o f  nodal 
points and the s tres s  function va lue s were calcul ated at 
each point along the boundarie s  of the p late . Oth e r  s tre s s  
function value s , f o r  points wi thin the domain , we re dete r-
mined by s at i s fying the biharmoni c mo lecule a t  each point . 
The p late s tres s e s  were then determined . 
For f u l l uti l i z at ion o f  the computer core capacity and 
to obtain maximum accuracy in s atis fying the biharmonic 
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The cutout configuration was approximated by a s erie s o f  
stra�ght li.nes. . However , these lines produced corne rs 
that acted as points o f  s i ngularity . Although the itera-
ti.on proce s s  was emp loyed a long the axe s of symme try of 
the p late , equi librium o f  the quarte r p late was s a ti s fied . 
The horizontal throat s e ction of the plate yie lded a 
uni form stre s s  di s tribution , wHi le the verti c a l  throat 
section yielded a balancing moment , thereby s ati s fying 
the. nece s s ary equilibrium condi tions . 
The results ob tained for the e l asti c s tre ss e s  are 
s atis factory , cons i de ring the complexi ties of the prob lem 
treated and the unavai lab i l i ty of a s o lution in closed 
form. Accuracy in the final results would have been im-
PFOVed i f  more computer time were avai lab le o r  i f  a 
f iner mesh were used .> 
B .  Conclus i ons 
An ana lys is was pre sented of the proce dure used in a 
dig ital program for computing the e l astic s tre s s e s  i n  . 
square p l ate s weakened by a central ly located larg e  
elliptical o r  circular notch . The theoreti ca l  bas i s  o f  
the procedure w as outlined , and examp le s  were pre s ented 
of s o lutions computed by the program . Thi s  i nves tigation 
has provided a quan ti tative theoretical eva luation of the 




The fo l lowing conclus i ons may be drawn : 
1 .  Th i s  work i s  cons i dered as a b as i s  for the s olu-
tion o f  the eigenvalue prob lem for the p la te s  
inves tigated . I t  i s  pos sib le to incorporate the 
determined e l as ti c s tres ses into an eigenvalue 
prob lem and thereby to obtain the criti c a l  buck ling 
coe fficients for .the s e  plates . 
2 .  The s tres s contours indicate that the corners 
produced by the s eries of lines approximating the 
e l l iptical or ci rcular notch act as points o f  
s ingulari ty , and thus introduce some erro r . 
Accuracy would have been improved by emp loying a 
modi f ied biharmoni c  mo lecule . However , .th e  .. amount 
o f  error introduced by s uch approximati on s  i s  not 
s igni f i cant Q Moreover ,  lack of s uf f i ci en t  com-
puter time and computer core capacity prohibi ted 
·an extens ive modi fi cation of the b as i c b i h armonic 
mol ecule . 
3 .  Compar ing the s tre s s  contours for both p la te s  
indicates cons i s tency i n  the results obtai ned 
for the e las ti c s tres s di s tribution . Neverthe-
les s , the circul ar cutout produced higher s tres s  
concentration a t  both throat s e ctions o f  the 
p l ate . Thi s  f act indi cates that , for � e rvi ng 
the s ame purpose ,  an e l lipti cal cutout is more 
advant ageous in s tructural engineering . 
4 .  The. computer time required for the i teration 
s o  
process was relatively lo�g . Thi.s time can be 
reduced either by considering. a les se r  degree of 
acc�racy , or by employing modi fied numeri cal 
techniques s uch as the finite element me thod .
16  
5.  The results o f  this study showed -that equi librium 
conditions were s atis fied for the quarter plate . 
The hori z ontal throat section of the plate yielded 
a uni form s tres s dis tribution , whi le the vertical 
throat s ection yie lded a balancing moment . These 
results indicate that the as sumptions made to 
obtain the s tress function values along and irnme-
diate ly outside the ·-� boundaries are valid :-
6 .  The error introduced by employing the finite 
di f ference technique in computing the e las ti c 
s·tresses i s  estimated to vary between e ight and 
twe lve per cent . Part of thi s  erior was ca�sed 
by the inherent properties of finite differences 
approximations as we l l  as the degree o f  i terative 
convergence . 
1 6P . Para.masivam and J . K .  S ridhar Rao , " Buckling of  
Plates o f  Abruptly Varying S ti f fne s s , "  Proceedings , 
American Society of  Civi l Engineers , S tructural Divi s i on , 







5 1  
C .  Future Areas o f  S tudy 
The us.e o f  e lectronic computations and numerical 
techn£ques in s tructural engineering on
. 
such a wide scale 
is relative ly new.  There are many engineering problems 
that can be worked out uti li zing such techniques . S ome of 
/ 
the future areas o f  research are lis ted below .  
1. Thi.s s tudy was limi ted to el liptical ly or - ci rcular ly 
notched square p late s . Other types o f  notches can be 
studied . Such s tudies  wi ll  lead to the determination 
o f  the most efficient type of notches that can be 
used in a structural member . 
2. The c r itical buckling -:-. load for a s tructural.::. member 
is always· of great value to the s tructural engine
-
er . 
An e l as tic s tress di s tribution is a necessary f i rst  
step for determining such critical loads o Since the 
elastic s tre ss di stribution is  already computed , i t  
i.s highly recommended that thi s inves tigation b e  
expanded t o  include the determination of  the buck-
ling loads f or the p lates studied . 
3.  It  has been s hown that the stress function values 
immediately beyond the boundaries of the plate are 
of  great importance . However , the pub l ished 
information for thei r  accurate extrapolation is 
somewhat lacking . I t  is felt that a s tudy in this 







4 .  This s tudy was limi ted t o  uniaxi a l  compre ss ive 
load appl i ed to two oppo s i te edges of a s imp ly 
s upported notched p l ate . The e f fe c t  of di fferent 
ty.pes of loads and supports needs f urthe r in­
ves t i.gation . 
5 .  A running check on the analytical results ob­
tained i n  thi s  s tudy could be made ny a photo­
e lastic technique . 
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Figure 21 , 6 - Ellipti � · cutout 
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Figure 23 . Stress Function Values For Circularly Notched Plate 
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Figure 24 , 6 - Circula� Cutout 
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Figure 2s . 6'y - Cir;ular Cutout 
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Figure 26 , 1::: � Circular Cutout 
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Figur• 27 , � • Ci�cular Cutout 
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Figure 2 9 .  9 - Circular Cutout 
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APPEND IX C 
NOTAT ION 
NOTATION 
� = S tress function . 
x = Vari.ab 1e distance a long the x- axi s . 
y = Variab l e  di s tance along the Y-axi s . 
h = Spacing dimens ion for a square� me sh . 
L = Hal f-width o f  the pl ate . 
a =  Half the maj or di ame ter o f  the e l l ipse . 
b = Half the minor diameter o f  the e l l ip s e . 
6x � S tre s s perpendicular to the X-axi s . 
6 = Stre s s  perpendicular to the Y-axi s . y 
"liy = Shearing s tre s s  in the X-Y plane 
0 = Uniaxia l  s tres s acting 
... 
on the p l ate .. 
n 
� = Maj or principal s tre s s . 
�2 = Minor princip a l  s tres s .  
0 =  Angular orientation o f  principa l s tre s s p l ane s wi th 
respect to the X- axi s . 
C = Cons tant o f  integration . 
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